The Teager-Kaiser (TK) energy is an effective way to analyze single component signals. However, as seismic traces are not mono frequency, its TK energy can create cross terms interference. Nevertheless, the TK discrete energy have been successfully applied to bandpass filtered seismic traces, instead of the full bandwidth version. In this study, we propose a single and fast way to circumvent this issue by adapting the original TK formulation for analog signals using bandpass differentiator filters. As the TK energy produces non-negative values, we also evaluated a bandpass filtered version of the TK energy. This variational version of the TK (TKV) are better for seismic interpretation purposes than the TK. Using real seismic data, we also show that similarity attributes can be enhanced by using TKV instead of the seismic amplitude.
Introduction
The instantaneous energy of seismic traces is usually evaluated by simply taking the running window root-mean square (RMS) of the amplitude samples. However, previous work (Matos et al., 2007) showed that the seismic energy density (Sheriff and Geldart, 1995) is very similar to the oscillating mass-spring model that Kaiser (1990) used to develop the TK energy for discrete time signals, making TK energy a strong candidate to estimate the local seismic energy. Unfortunately, the discrete TK energy suffer from cross terms when applied to multifrequency signals (Kaiser, 1993) , like seismic traces. One way to avoid this issue is by applying the TK to the sub bands of the seismic traces like Matos et al. (2007 Matos et al. ( , 2009 ) did using Continuous Wavelet Transform. In this paper, we tried to circumvent the cross terms problem by using the Teager operator defined in the continuous domain (Kaiser, 1993) . As we implemented the algorithm using first and second derivatives smooth noise-robust differentiators filters (Holoborodko, 2008) , the high frequency cross terms effects were minimized. As any energy estimation, the TK energy has only nonnegative values, then we evaluated a bandpass version of the TK by applying the Hilbert transform (Bulhões and Amorim, 2005; Vernengo and Trinchero, 2015) . This variational version of the TK (TKV) is much more palatable to interpreters, and to evaluate seismic attributes. We begin our proposition by first reviewing the TK energy and its association with the seismic energy density. Then, we describe the proposed algorithm. Finally, we applied the method to real seismic data, and beyond the good TK and TKV results shown, we compared the seismic amplitude discontinuity attributes with the correspondent TKV similarity volumes.
The Teager-Kaiser energy
Using a mass-spring physical model, Kaiser (1990) showed that the energy of the discrete-time amplitudes of the simple harmonic motion can be written as:
( 1) where n is the current sample, m is the mass of the suspended object by the spring, ω is the frequency, and A is the oscillation amplitude. Similarly, the seismic energy density (Sheriff and Geldart, 1995) can be expressed as: (2) where ρ is the density of the medium, ω is the frequency, and A is wave amplitude. Comparing equations 1 and 2, we note that, except for m and ρ, the equations are identical, and the TK energy can be a reasonable estimator of the seismic energy density. However, as the seismic traces are not mono frequency, the TK equation 1 can not be appropriated for this purpose. Then, instead of using the discrete TK equation 1, we can use the analog Teager operator (Kaiser, 1993) :
Actually, we discretized equation 3 by using smooth noiserobust differentiators filters to constrain the seismic trace full bandwidth (Holoborodko, 2008 
where n is the current sample, n-1 is the sample before and n+1 is the sample after. As Hamila et al. (1999) also proved that the TK energy of complex signals is equivalent to the sum of the TK energy of the real and imaginary parts, we also evaluated the TK
energy of the complex seismic trace, instead of the amplitude.
The complex TK and TKV algorithms Figure 1 illustrates the proposed TK workflow, i.e., how we implemented equation 3 for complex seismic data. Following Bulhoes and Amorim (2005), we also computed the negative of the Hilbert transform to get a bandpass version of the TK energy, that theoretically reinforces the impedance contrast of the data. Figure 2a shows a small cropped random vertical seismic wiggles section and the green lines represents the top and the base of the reservoir. Comparing the amplitudes with the TK energy of the traces shown in Figure 2b , we can see that TK is good on tracking the top horizon. As expected, the TKV shown in Figure 2c also reinforces the impedance contrast interpretation. But note that, on the top horizon the peak of the seismic amplitude is associated with the zero crossing of the TKV. 
Case study: Teapot Dome
Because of its historic importance, and because RMOTC and the U.S. Department of Energy made the 3D geophysical data freely available, Teapot Dome in Wyoming, USA, is a very well-known case study (Anderson, 2013) . In this study, we focus on the Tensleep formation which is one of the reservoir intervals and consists of naturally fractured sandstones. Several studies of fracturing in Tensleep formation using seismic attributes have been already published (Gao et al., 2011; Thachaparambil, 2015; Schneider et al., 2016) . Here, we just want to show that the TK energy and the TKV attribute help the interpretation of this formation. Specially, they improve geometric seismic attributes, that are very important to support the characterization of fractures. Figure 3a shows a random line passing throw important geological features, like karsts (Schneider et al., 2016) , and Figure 3b a time slice that cross the top of the Tensleep formation indicated by a white continuous line in Figure 3a .
For comparison purposes, we first compute the 3D Sobel discontinuity filter, guided by the local structural dip (Luo et al., 2003) of the seismic amplitude. We can see in Figure 4 , that even without applying any structured oriented filter to attenuate the noise, the output of Sobel filter is clean and detects several important discontinuities, including the expected karts and faults, both in the vertical section and in the time slice. Then, we applied the complex TK algorithm as defined by equation 3 and illustrated in Figure 1 . The complex TK energy shown in Figure 5 clearly detects, in both vertical section and time slice, some high energy circular events surrounded by low energy, that can be associated with karts. The same happens with TKV in Figure 6 , that supports the TKV attribute use for seismic interpretation, including to help picking faults. For comparison purposes, we compute the Sobel 3D filter guided by the structural dip of the TKV attribute. The nice result revealed in Figure 7 confirms that the Sobel filter segmented very well the karsts contours, that are already detected directly in the TK and TKV attributes and detected the faults and small discontinuities. We also shown in Figure 9 the horizon slices of the same attributes on the top of the Tensleep formation, and they confirm the nice results obtained with TK and TKV. 
Conclusions
We presented a fast and easy way to implement the TeagerKaiser energy that can be associated with the seismic energy density. The proposed algorithm tries to circumvent the noisy discrete Teager-Kaiser version been used. This happened because of the smooth noise-robust differentiators filters used to implement the continuous domain of the Teager energy. The derived bandpass version of the Teager-Kaiser energy, TKV, seems very promissory for interpretation purposes, and, mainly, as the input to other attributes, like similarity, curvature and texture ones, like GLCM. Despite of the successful application to full-bandwidth seismic data, we also recommend, the seismic trace decomposition and posterior analysis into different modes, using EMD (Empirical Mode Decomposition), VMD (Variational Mode Decomposition) or any band bass decomposition, like wavelet transform.
